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The study on epistemic uncertainty due to the lack of knowledge has received increasing attention in risk

assessment, reliability analysis, decision making, and design optimization. Different theories have been applied to

model and quantify epistemic uncertainty. Research on sensitivity analysis for epistemic uncertainty has also been

initialized. Sensitivity analysis can identify the contributions of individual input variables with epistemic uncertainty

to the model output. It then helps guide the collection of more information to reduce the effect of epistemic

uncertainty. In this paper, an effective sensitivity analysis method for epistemic uncertainty is proposed when both

epistemic and aleatory uncertainties exist in model inputs. This method employs the unified uncertainty analysis

framework to calculate the plausibility and belief measures. The gap between belief and plausibilitymeasures is used

as an indicator of the effect of epistemic uncertainty on the model output. The Kolmogorov–Smirnov distance

between the two measures is used to quantify the main effect and the total effect of each independent variable with

epistemic uncertainty. By the Kolmogorov–Smirnov distance, the importance of each variable is ranked. The

feasibility and effectiveness of the proposed method is demonstrated with two engineering examples.

Nomenclature

Bel = belief
C = subset of intervals
dKS = KS distance
F = cumulative distribution function (CDF)
f = probability density function (PDF)
G = output of a performance function
g = performance function
ME = main effect
MEpf = main effect on the probability of failure
mY = basic probability assignment (BPA)
P = probability
Pl = plausibility
pf = probability of failure
R = reliability
TE = total effect
TEpf = total effect on the probability of failure
U = vector of standard normal variables
U = standard normal variable
u = realization of U
u� = most probable point in U space (MPP)
X = vector of random variables
X = random variable
x = realization of X
x� = most probable point in X space (MPP)
Y = vector of variables with epistemic uncertainty
y = realization of Y
� = reliability index
� = cumulative distribution function of a standard normal

distribution
��1 = inverse function of �

� = probability density function of a standard normal
distribution

I. Introduction

U NCERTAINTY is ubiquitous in any engineering system, at any
stage of product development, and throughout a product life

cycle. Examples of uncertainty are manufacturing imprecision,
usage variations, imperfect knowledge, and variability associated
with loading, material properties, and geometric dimensions. Such
uncertainties have a significant impact on product performance. A
small variation in environment or design variables may lead to a
significant quality loss. The ignorance of uncertainty may cause
erroneous decision making, low robustness and reliability, costly
warranty, low customer satisfaction, and even catastrophe [1–5].
With the intensive requirement of high product quality and
reliability, understanding, identifying, and managing various
uncertainties have become imperative.

Uncertainty can be viewed as the difference between the present
state of knowledge and the complete knowledge (Fig. 1). It is
classified into aleatory and epistemic types [6].

Aleatory uncertainty, also referred to as irreducible, objective, or
stochastic uncertainty, describes the inherent variability associated
with a physical system or environment [7–9]. Aleatory uncertainty is
modeled by random variables or stochastic processes by probability
theory if information is sufficient to estimate probability distri-
butions. For example, for a cantilever beam in Fig. 2, aleatory
uncertainty exists in the dimensionsb, h, and l (due tomanufacturing
imprecision), external force Q (due to variations in operation), and
material properties (due to the stochastic physical nature). All of the
above quantities can be modeled as random variables if adequate
statistical data are available. Aleatory uncertainty has been
intensively researched and dealt with in a wide range of engineering
fields.

Epistemic uncertainty, on the other hand, is due to the lack of
knowledge about a physical system or environment [10,11]. In the
above beam example, if we use different theories to calculate the
stress and deflection, we may end up with different results. The
reason is that each theory relies on various assumptions, which may
not be completely valid. Epistemic uncertainty therefore exists in the
model structure. Also, if the data of the external force Q are scarce,
the distribution ofQmay not be precisely known. This indicates that
epistemic uncertainty may also exist in a parameter. Epistemic
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uncertainty is reducible because the collection of more information
or an increase of knowledge would help decrease the level of
uncertainty. In this work, we only focus on epistemic parameter
uncertainty.

Different theories have been used to handle epistemic uncertainty.
The theories include probability theory and nonprobability theories
such as evidence theory [12], possibility theory [13,14], and fuzzy set
theory [15]. Evidence theory is widely used to deal with epistemic
uncertainty. Intervals with evidence theory interpretation are
especially of interest in engineering applications [9]. Although there
has been a longtime debate onwhether probability theory is universal
for handling all types of uncertainty, intervals do exist in many
engineering applications, and their use is well justified in a vast
amount of literature [8]. For example, for the above beam problem,
themean of the distribution of the external forceQmay be given by a
confidence interval with limited samples. Engineers often specify
their design variables in the form of nominal value� tolerance.More
interval examples are given by Du [16] and Du et al. [17].

Evidence theory is the generalization of probability theory and
possibility theory [18,19]. It can handle limited or even conflicting
information. Most importantly, it is able to combine aleatory and
epistemic uncertainties in a straightforward way [19,20].
Exploratory research on epistemic uncertainty by evidence theory
has recently been conducted, including studies in risk assessment,
decision making, and design optimization [8,14,17–25].

Most of the research focuses on uncertainty quantification and
uncertainty analysis. A few investigations [18,26,27] have been
conducted to explore sensitivity analysis with epistemic uncertainty.
The purpose of such sensitivity analysis is to quantify the
contribution of the input epistemic uncertainty to the model output.
Bae et al. [18,26] develop a sensitivity analysis method for belief and
plausibility measures. The method provides useful information to
guide the future acquisition for more accurate reliability analysis and
to reveal the most significant contributing factors in a sequential
design phase. Helton et al. [27] propose a three-step sampling-based
sensitivity analysis for epistemic uncertainty. In their work, an initial
exploratory analysis is employed to evaluate themodel behavior, and
then stepwise analyses are followed to show the incremental effects
of uncertain variables on belief and plausibility measures.

The above sensitivity analysis methods deal with only epistemic
uncertainty. In practical engineering applications, both aleatory and
epistemic uncertainties often occur simultaneously. Under this
situation, a single probability measure (for instance, reliability) will
not be available. Instead, its plausibility and belief measures must be
used. Both of the measures will be discussed in the next section. The
difference between the belief measure and plausibility measure
indicates the effect of epistemic uncertainty. If the difference is too
large, it will be difficult to make decisions. In this case, more
information is needed to reduce the effect of epistemic uncertainty.
Collecting more information on all the variables with epistemic
uncertainty is costly. Collecting additional information on only the

most important variables will bemore efficient. Identifying variables
with epistemic uncertainty that have the highest contribution to the
uncertainty effect is the focus of sensitivity analysis in this paper.
Because the proposed sensitivity analysis needs to quantify the
uncertain characteristics of a model output given aleatory and
epistemic uncertainties in model inputs, the unified uncertainty
analysis framework [16] is used.

This paper is organized as follows. Brief introductions to
sensitivity analysis, evidence theory, and unified uncertainty
analysis are provided in Sec. II. The proposed sensitivity analysis
method is discussed in Sec. III. In Sec. IV, two examples are used for
demonstration. Conclusions and future work are given in Sec. V.

II. Sensitivity Analysis with Epistemic Uncertainty

A. Sensitivity Analysis

Sensitivity analysis identifies the input uncertain variables that
have the highest contribution to the uncertainty in output variables.
So farmost of the research focuses on sensitivity analysis for aleatory
uncertainty, which is mainly modeled by probability theory. Such
sensitivity analysis with a probabilistic representation is usually
named probabilistic sensitivity analysis. Various probabilistic
sensitivity analysis methods have been reported in a wide range of
literature, including differential analysis [28,29], variance-based
methods [30], sampling-based methods [30], and a relative entropy-
based method [31]. Among them, the variance-based method is
popular, which derives from the decomposition of the total variance
of a model output into variances due to different input variables and
their combinations. The Fourier amplitude sensitivity test (FAST)
[32,33], correlation ratios [34], importance measures [35], and
Sobol’s indices [36] belong to this type of method.

Generally, these methods work well with the probabilistic
representation. However, how to apply these methods to obtain the
sensitivity information from epistemic uncertainty has not been well
studied.

As mentioned in the Introduction, Bae et al. [18,26] and Helton
et al. [27] have conducted exploratory research on sensitivity
analysis with epistemic uncertainty. In this work, we are interested in
the independent epistemic variables, and our goal is to develop a new
sensitivity analysis method for identifying the most important
variables with epistemic uncertainty when both aleatory and
epistemic uncertainties are present. We employ the unified
uncertainty analysis [16] to quantify both types of uncertainty. We
then perform sensitivity analysis to identify the main effect and total
effect of each variable with epistemic uncertainty by the once-at-a-
time (OAT) strategy [37,38] and the two-dimensional Kolmogorov–
Smirnov (KS) distance [39]. Next, we provide a brief review of
evidence theory and the unified uncertainty analysis.

B. Evidence Theory

Intervals are widely used to characterize epistemic uncertainty.
They can be naturally handled by evidence theory [8]. A good
example of intervals is the periodic monitoring [16]. Suppose the
status of a system is monitored at discrete time instants t0; t1; t2; . . . .
If a failure is detected at ti�1, then the failure could occur at any time
in the interval between ti and ti�1. In this case, we may not be able to
determine the exact distribution of the failure time. Butwe can collect
information to estimate the probability of the failure occurrence over
each time interval. The probability assigned to an interval is defined
as the basic probability assignment (BPA) in evidence theory. For
example, for 20 systems, if 2 and 5 failures occurred over �t4; t5� and
�t9; t10�, respectively, the BPAs of intervals �t4; t5� and �t9; t10� would
be 2=20� 0:1 and 5=20� 0:4, respectively.

Epistemic
uncertainty

Aleatory
uncertainty

Present knowledgeComplete ignorance

Knowledge

Complete knowledge

Uncertainty

Fig. 1 Uncertainty types.

l

Q

b

h

Fig. 2 A cantilever beam.

2338 GUO AND DU



In this paper, we use Y to denote a variable with epistemic
uncertainty. For brevity, we will call Y an epistemic variable in the
remainder of the paper. We also use this same symbol Y to represent
its frame of discernment, which is the sample space containing all the
possible values ofY.WeuseP�Y	 to denote the power set, the set that
contains all the possible distinct subsets ofY.We also useA to denote
an element of the power set.

In evidence theory, a BPA is a mapping function, P�Y	 ! �0; 1�,
satisfying the following three axioms:

1)

mY�A	 
 0 for any A 2 P�Y	 (1)

2)

mY��	 � 0 (2)

3) X
A2P�Y	

mY�A	 � 1 (3)

For two epistemic variables Y1 and Y2, if the change in Y1 does not
affect Y2, and vice versa, Y1 and Y2 are said to be independent.
Similar to the joint probability in probability theory, for two
independent epistemic variables Y1 and Y2, their joint BPA is also
used. The joint BPA is defined by

mY�C	 �
�
mY1
�A	 �mY2

�B	 when C� A � B
0 otherwise

(4)

where A 2 P�Y1	, B 2 P�Y2	, Y � Y1 � Y2, and C 2 P�Y	. Y �
Y1 � Y2 denotes the joint space of Y1 and Y2.

Because of the interval nature, a single probability measure is not
available. Instead, two measures, belief and plausibility measures,
are used in evidence theory. In this paper, we consider that the BPAs
of epistemic variables are from nonconflicting items of evidence and
that only one BPA exists for one interval of an epistemic variable.
Under these conditions, belief and plausibility measures can be
considered as the lower and upper bounds of a probability measure
[40]. Let a performanceG be expressed abstractly by a performance
function G� g�Y	, where Y � �Y1; Y2; . . . ; YnY 	 is the vector of
epistemic variables. Let an event E be defined by the performance
less than a specific limit state c, namely, E� fY j g�Y	< cg. Also
let mY be the joint BPA over a frame Y � Y1 � Y2 � � � � � YnY . The
belief measure Bel and the plausibility measure Pl of the event
E 2 Y induced by mY are calculated by

Bel�E	 �
X
A2E
mY�A	 (5)

and

Pl�E	 �
X
A\E≠;

mY�A	 (6)

respectively.
Bel�E	 is interpreted as the degree of belief if the event E would

occur. As shown in Eq. (5), it is calculated by adding the BPAs of the
subsets entirely within the region g�Y	< c. As indicated in Eq. (6),
the degree of plausibility Pl�E	 is calculated by adding the BPAs of

the subsets that are completely in the region g�Y	< c and the BPAs
of the subsets that intersect with the region. The true probability
Prfg�Y	< cg is bounded by Bel�E	 and Pl�E	 under the
abovementioned condition.

Next, we give a short review of the unified uncertainty analysis
[16], which integrates probability and evidence theories to deal with
the mixture of aleatory and epistemic uncertainties. The proposed
sensitivity analysis relies on the unified uncertainty analysis.

C. Unified Uncertainty Analysis

A framework of unified uncertainty analysis is given in Fig. 3 [16].
The inputs to the framework are variables X with aleatory
uncertainty defined by probability density functions (PDF) and
epistemic variables Y represented by BPAs. Both types of
uncertainty in the model inputsX and Y are propagated through the
model g�X;Y	 to the model output G. The outcomes of the
uncertainty analysis are cumulative belief and plausibility functions
(CBF and CPF).

Let the subsets of Y be denoted by CYi�i� 1; 2; . . . ; n	 with the
corresponding joint BPA mY�CYi	. After appropriate information
aggregation [9,12], CYi�i� 1; 2; . . . ; n	 can be disjoint. The entire
input space therefore is partitioned into nmutually exclusive subsets
CXYi � �X;CYi	 �i� 1; 2; . . . ; n	. In probability theory, the
cumulative distribution function (CDF) of G is defined by

F�c	 � Pr�E	 � PrfG� g�X;Y	< cg (7)

where F is the CDF of G at c.
Let the product space of X� X1 � X2 � � � � � XnX be discretized

into k subsets (hypercubes) CXj �j� 1; 2; . . . ; k	 with
�X��X1 ��X2 � � � � ��XnX , where �Xi �i� 1; 2; . . . ; nX	 is
the step size. Because the joint BPA ofCXj is the probability ofX in
CXj, the joint BPA of X is given by

mX�CXj	 � fX�x j X 2 CXj	�X (8)

where fX��	 is the joint PDF of X.
The joint BPA of X and Y is then derived as

mXY�CYi;CXj	 �mY�CYi	
Xk
j�1

mX�CXj	

�mY�CYi	
Xk
j�1

fX�x j X 2 CXj	�X (9)

The belief measure of the failure event is then calculated by

Bel�c	 �
Xn
i�1

�CYi ;CXj	2E

mXY�CYi;CXj	

�
Xn
i�1

�CYi ;CXj	2E

�
mY�CYi	

Xk
j�1

mX�CXj	
�

�
Xn
i�1

�CYi ;CXj	2E

�
mY�CYi	

Xk
j�1

fX�x j X 2 CXj	�X

�
(10)

G : Belief and 

plausibility functions

X : joint PDF

Y : joint BPA

0

Y2

0.35

0.25
0.3

0.15
0.2

0.1
0.05

0
5

43
10

2
4

Y1

BPA

G = g(X,Y)

Fig. 3 The unified uncertainty analysis framework.
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When k approaches infinity, the equation for the cumulative belief
function (CBF), the degree of belief that the event G < c would
occur, becomes [16]

Bel�c	 � Fmin
G �c	 �

Xn
i�1

mY�CYi	PrfGmax < c j Yi 2 CYig (11)

By analogy, the plausibility measure function (CPF), the degree
of plausibility that the eventG< cwould occur, can be computed by

Pl�c	 � Fmax
G �c	 �

Xn
i�1

mY�CYi	PrfGmin < c j Yi 2 CYig (12)

respectively. Gmin and Gmax are, respectively, the global minimum
and maximum values of G in the subset CYi given the values of X.

Equations (11) and (12) are derived from evidence theory by
dividing the random variables into an infinite number of intervals.
The same equation can also be derived from probability theory by
using the total probability. See [16] for details. Equations (11) and
(12) indicate that the evaluation of belief and plausibility measures
with the mixture of probability distributions and BPAs is essentially
the evaluation of the minimum and maximum probabilities of the
performance function over the subsets of Y. Therefore, traditional
probabilistic analysismethods can be used for the unified uncertainty
analysis. Hereby, we use the first-order reliability method (FORM)
based uncertainty analysis method developed in [16].

D. FORM-Based Unified Uncertainty Analysis

FORMis used to calculate aCDFor the probability of failurewhen
only random variables X exist. If the joint PDF of X is fX, the
probability of failure pf is calculated by

pf � F�c	 � PrfG� g�X	< cg �
Z
g�X	<c

fX�x	 dx (13)

FORM involves three steps to approximate the above integral:
1) transforming original random variables X to standard normal
randomvariablesU, 2) searching themost probable point (MPP), and
3) calculating pf.

Step 1: Transformation, which is given by

ui ���1fFXi�xi	g; i� 1; 2; . . . ; nX (14)

whereFXi is the CDF ofXi, and�
�1 is the inverse CDF of a standard

normal distribution.
Step 2: MPP search, where the MPP u� is identified by

min
U
kUk j g�U	 � c (15)

where k � k stands for the norm (length) of a vector. �� ku�k is
termed as a reliability index.

Step 3: Estimation of pf , which is given by

pf �����	 (16)

where � is the CDF of a standard normal distribution.

The key to FORM is the MPP search. The following recursive
algorithm is used to search the MPP:

(
��k	 � ��k�1	 � g�u�k�1		

krg�u�k�1		k

u�k	 � ���k	 rg�u�k�1		krg�u�k�1		k

(17)

whererg�u�k�1		 is the gradient of g atu�k�1	 and krg�u�k�1		k is its
magnitude, and k is the iteration counter.

The above process is called probabilistic analysis (PA) because
only random variables are involved. As shown in Eqs. (11) and (12),
we need to find the maximum and minimum values of G when
interval variables Y exist. The process of finding the maximum and
minimum G is called interval analysis (IA). Solving Eqs. (11) and
(12) directly requires a double-loop procedure where PA and IA are
nested [16]. Given a set of interval variables Y, the MPP is searched
by the algorithm in Eq. (17). Then interval analysis is performed to
find the maximum and minimum performance function values with
the random variables fixed at the MPP. This process repeats till
convergence is reached. This double-loop procedure is computa-
tionally inefficient. To improve computational efficiency, we need
to embed IA into the MPP search algorithm. In this work, we focus
on black-box performance functions where closed-form functions
are not applicable. Because the traditional interval arithmetic is
not applicable to a black-box function, we employ nonlinear
optimization to perform IA.

The flowchart for the minimum probability PrfGmax < c j Yi 2
CYig in theCBF equation is given in Fig. 4. The solution is the MPP
u� where G is the maximum. The probability PrfGmax < c j Yi 2
CYig in Eq. (11) is then computed by

PrfGmax < c j Yi 2 CYig �����	 ����ku�k	 (18)

For the plausibility calculation, the model of theMPP search is the
same as in Fig. 4, and IA becomes a minimization problem.

III. Proposed Sensitivity Analysis Method

With only aleatory uncertainty, a single probability measure of a
performance G can be obtained. With both aleatory and epistemic
uncertainties, the probability bounds, belief measure and plausibility
measure, can be obtained as shown in Fig. 5. The difference between
belief and plausibility measures represents the effect of epistemic
uncertainty. The wider the difference, the greater is the effect. If the
difference is too wide, it will be difficult to make decisions.

For example, as shown in Fig. 5, the belief and plausibility are
0.016 and 0.64 at the limit state G� 2, respectively. If G < 2 is a
failure event, then the minimum and maximum probabilities of
failurepf are 0.016 and 0.64, respectively. The large gap between the
two bounds makes the decision process too difficult. If one used the
belief (pf � 0:016), the design might be highly risky because the
true pf may be much higher than the minimum value. If one used the
plausibility (pf � 0:64), however, the design might be too
conservative. In this case, more information about the epistemic
variables is needed to reduce their effect. How to effectively collect
more information is critical. In this work, we develop a sensitivity
analysis method to identify the most important epistemic variables
that have the highest impact on design performance. With this
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Fig. 4 Flowchart of MPP search in Bel calculation.
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method, limited resources can be used to collect more information on
the identified important epistemic variables.

We adopt the OAT strategy [38] to quantify the effect of each
individual epistemic variable. The effect is measured by the
difference between belief and plausibility measures. The difference
is computed by the KS distance [39].

The OAT strategy belongs to the simplest class of screening
methods. The impact of uncertainty in each variable is evaluated one
by one [38]. The sensitivity analysis is conducted by keeping one
epistemic variable while the other epistemic variables are fixed at
their averages at one time. Then the impact of the varied variable on
the performance can be isolated and evaluated. The average of an
epistemic variable Yj �j� 1; 2; . . . ; nY	 is calculated by

�Y j �
Xn
i�1

m�CYi	
Yuij � Ylij

2
; i� 1; 2; . . . ; n (19)

where m�CYi	 is the BPA of the ith subset CYi , Y
u
ij and Y

l
ij are the

upper and lower bounds of Yj on CYi , respectively.
The KS distance is a measure used in the statistical test [39] and is

defined as themaximum difference between the sample CDF and the
hypothesized CDF. This distance measures how close the sample
CDF to the hypothesized CDF. We adopt herein the same idea to
measure the difference between CPF and CBF.

The proposed sensitivity analysis includes the following two
steps:

Step 1—uncertainty analysis: the unified uncertainty analysis is
performed to calculate CBF and CPF when both aleatory variables
X and epistemic variables Y exist.

Step 2—OAT analysis: the main effect and the total effect of each
epistemic variable are calculated. The main effect explores the
impact on the performance from each single epistemic variable while
the total effect measures the impact on the performance from the
interactions of one epistemic variable with other epistemic variables.

To identify the main effect of the epistemic variable Yi
�i� 1; 2; . . . ; nY	, we fix the rest of the epistemic variables Yj
�j� 1; 2; . . . ; nY; j ≠ i	 at their averages �Yj [see Eq. (19)]. Only Yi
is allowed to vary. To measure the total effect of the epistemic

variable Yi, we fix Yi at its average �Yi, and keep the rest of the
epistemic variables Yj �j� 1; 2; . . . ; nY; j ≠ i	. After setting these
different scenarios, we conduct the unified uncertainty analysis again
to calculate CBF and CPF for each scenario. We then calculate the
difference between CBF and CPF and rank the importance of
epistemic variables by the difference.

In this work, we use sensitivity analysis for two applications,
reliability analysis and uncertainty analysis for the entire range of a
performance.

Application 1—reliability analysis. Let a failure mode be defined
by the event where the performance G is less than a threshold c,
namely, G < c. The probability of failure pf can be calculated by
Eq. (13) when only random variables X exist. When both aleatory
and epistemic uncertainties are present, according to Eqs. (11) and
(12), the minimum andmaximum probabilities of failure are actually
the CBF and CPF at c, namely,

pmin
f � Bel�c	 � Fmin�c	 (20)

and

pmax
f � Pl�c	 � Fmax�c	 (21)

The difference between pmax
f and pmin

f represents the effect of

epistemic uncertainty on the probability of failure pf . The difference
is given by

dpf � pmax
f � pmin

f � Pl�c	 � Bel�c	 (22)

The main effect of Yi �i� 1; 2; . . . ; nY	 on the probability of
failure is given by

MEipf � dipf (23)

where dipf is the difference between p
max
f and pmin

f when Yi is kept as

an epistemic variable and other variables Yj �j� 1; . . . ; nY; j ≠ i	
are fixed at their average �Yj.ME

i
pf is computed by

MEipf � dipf � Pl�c j Yj � �Yj; j� 1; . . . ; nY; j ≠ i	

� Bel�c j Yj � �Yj; j� 1; . . . ; nY; j ≠ i	 (24)

The smaller dipf is, the weaker is the impact of Yi on pf, and

therefore Yi is less important.
The total effect of Yi on dpf is given by

TEipf � d
ipf (25)

where d
ipf is the difference betweenp
max
f andpmin

f when Yi is fixed at

its average �Yi and the other variables Yj �j� 1; 2; . . . ; nY; j ≠ i	 are
kept as epistemic variables. TEipf is computed by

TEipf � d
ipf � Pl�c j Yi � �Yi	 � Bel�c j Yi � �Yi	 (26)

The smaller d
ipf means the larger influence of Yi.

Application 2—uncertainty analysis over the entire range of the
performance G. If we are interested in the effect of an epistemic
variable on the entire range of the model output, we can calculate the
KS distance between the CBF and CPF as follows:

dKS �max
c
�Pl�c	 � Bel�c	� (27)

The equation implies that the KS distance is the maximum
discrepancy between two curves of CBF and CPF as shown in
Fig. 6.

The main effect of epistemic variable Yi on CDF is calculated as

MEi � dipf �max
c
�Pl�c j Yj � �Yj; j� 1; 2; . . . ; nY; j

≠ i	 � Bel�c
j Yj � �Yj; j� 1; 2; . . . ; nY; j ≠ i	� (28)

where diKS is the KS distance betweenCPF andCBFwhen Yi is kept
as an epistemic variable and other variablesYj �j� 1; 2; . . . ; nY; j ≠
i	 are fixed at their average �Yj. The smaller diKS is, the closer areCBF
andCPF; namely, the impact ofYi is weaker andYi is less influential.
Therefore, the smaller MEi is, the less significant is Yi to the
uncertainty of the performance.

The total effect of epistemic variable Yi on CDF can be calculated
as

Fig. 5 Effect of epistemic uncertainty and aleatory uncertainty.
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TEi � d
iKS �max
c
�Pl�c j Yi � �Yi	 � Bel�c j Yi � �Yi	� (29)

where d
iKS is the KS distance when Yi is fixed at its average �Yi and
other variables Yj �j� 1; 2; . . . ; nY; j ≠ i	 are kept as epistemic
variables. In this case, a smaller discrepancy betweenCPF andCBF
implies higher influence of Yi on G.

The flowchart of the proposed sensitivity analysis method is
illustrated in Fig. 7.

From the above discussion, it is seen that one sensitivity analysis
needs to call the unified analysis 2nY � 1 times—one analysis is for
the case with original uncertain variables, nY analyses are for the
main effects of the nY epistemic variables, and the other nY analyses
are for the total effects of the nY epistemic variables. The
computation is intensive, and therefore efficiency is critical. To
improve efficiency, we use the efficient MPP algorithm as shown in
Eq. (17). In many engineering applications, a performance function
is monotonic in terms of interval variables. In this case, it is not
necessary to conduct nonlinear optimization for the interval analysis.
However, it is difficult to know whether the performance function is
monotonic because of the black-box model. We therefore perform
optimization for the interval analysis in the first iteration. Thereafter,
we check the Karush–Kuhn–Tucker (KKT) conditions [41] after the
MPP is updated. If the KKT conditions are satisfied, there is no need
to perform optimization again. We then proceed to the next iteration.

IV. Examples

A. Example 1: Crank–Slider Mechanism

A crank–slider mechanism is used in a construction machine as
shown in Fig. 8 [16]. The length of the crank AB a, the length of the
coupler BC b, the external force Q, the Young’s modulus of the
material of the coupler E, and the yield strength of the coupler S are
random variables. Their distributions are given in Table 1.

Because of the harsh environment of the construction site, a
precise distribution of the coefficient of friction � between the
groundNN and the sliderC is not available, but its intervals andBPA
are available based on the solicitation from experts. Because
different installation positions of the slider are required in various
construction sites, the intervals and BPA of the offset e are assigned
based on limited historical data. Their BPAs are provided in Table 2,
and the joint BPA is also visualized in Fig. 9.

The two performance functions are the safety margins for strength
and buckling requirements of the coupler, which are defined by the
difference between the material strength and the maximum stress,
and the difference between the critical load and the axial load,
respectively. The equations are obtained at one of the positions when
the crankAB and the couplerBC overlap. The functions are given by

G1 � g1�X;Y	 � S �
4P�b � a	

��
����������������������������
�b � a	2 � e2

p
� �e	

�
d22 � d21

�

and

Fig. 6 KS distance.
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Fig. 8 A crank–slider mechanism.
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G2 � g2�X;Y	 �
�3E

�
d42 � d41

�
64b2

� P�b � a	����������������������������
�b � a	2 � e2

p
� �e

The failure events are defined by E1 � fX;Y j G1 < 0g and
E2 � fX;Y j G2 < 0g. Our goal is to find out the most significant
epistemic variable (offset e or coefficient of friction�) which has the
most dominant effect on the performance functions G1 and G2.

Wefirst perform the unified uncertainty analysis for the two failure
modes. The result is given in Table 3. The difference dpf between the

maximumandminimumprobabilities of failure (orPl andBel) ofG1

is large, and the difference dpf of G2 is almost zero. Therefore, the

effect of epistemic uncertainty on failure mode 1 (G1) cannot be
neglected, and the effect of epistemic uncertainty on failure mode 2
(G2) is negligible. Sensitivity analysis on failure mode 1 is then
necessary. Hence we only conduct sensitivity analysis on G1.

To confirm the accuracy of the united uncertainty analysis, we
solve the problem by Monte Carlo simulation (MCS). The result is
also provided in Table 3, where N is the number of function
evaluations.N is used tomeasure computational efficiency. It is seen
that the unified uncertainty analysis employed in this paper is very
accurate and efficient.

We also perform the unified uncertainty analysis for the entire
range of the two performance functions. The results of CBF and
CPF for bothG1 andG2 are shown in Table 4 and Figs. 10 and 11. It
is also seen that the effect of epistemic uncertainty on G1 is much
larger than that onG2 because the KS distance forG1 is much larger

than that for G2. The numbers of function evaluations also indicate
that the unified uncertainty analysis is more efficient than MCS.

Next we perform sensitivity analysis on G1 to find out the most
influential epistemic variable. In this example, there are only two
epistemic variables Y1 and Y2; no total effect is therefore needed.
Thus we only analyze the main effect of each variable.

Main effect of Y1: Keep Y1 as an epistemic variable and fix Y2 at its
average. The average of Y2 is calculated by

�Y2 �
0:15� 0:18

2
� 0:3� 0:18� 0:23

2
� 0:3

� 0:23� 0:25

2
� 0:4� 0:207

The CBF and CPF of G1 are reevaluated by the unified
uncertainty and are given in Fig. 12. The difference (main effect)
between the maximum and minimum probabilities of failure
ME1

pf
� d1pf and the KS distance for the entire distributionME1 �

d1KS are given in Table 5.
Main effect of Y2: Keep Y2 as an epistemic variable and fix Y1 at its

average. The average of Y1 is calculated by

�Y1 �
100� 120

2
� 0:2� 120� 140

2
� 0:4

� 140� 150

2
� 0:4� 132

The CBF and CPF of G1 are illustrated in Fig. 13, andME2
pf
�

d2pf and ME2 � d2KS are also given in Table 5. The difference

between the CBF and CPF is much narrower when Y1 is fixed. The
result indicates that the main effect of Y1 is much greater than that of
Y2. Therefore Y1 is the most influential contributor to the effect of
epistemic uncertainty on the probability of failure pf ofG1, and it is
also true for the entire range of G1.

If more information is needed to reduce the effect of epistemic
uncertainty, we should collect more information on Y1 instead of Y2.
After adequate information was collected on Y1, Y1 would become a
random variable with only aleatory uncertainty. Suppose the
available distribution ofY1 isN�125; 8:33	 mm. Through the unified
uncertainty analysis again, the gap between CBF and CPF of G1

becomes much narrower as shown in Fig. 14 and Table 6.
If we did not conduct a sensitivity analysis, we might arbitrarily

choose to collect more information onY2. Suppose the distribution of
Y2 isN�0:2; 0:017	 after more information is collected. As shown in
Fig. 15 and Table 6, the reduced effect of epistemic uncertainty (the
gap between theCPF andCBF) ismuch less significant compared to
the situation where the epistemic uncertainty of Y1 is eliminated (see
Fig. 14).

For an easy comparison, all the information is provided in Table 6.
The first row is the uncertainty analysis result with the original
uncertain variables X and Y. The second row is the result when Y1
becomes aleatory while the third row is the result when Y2 becomes
aleatory. The table verifies that Y1 is more important than Y2 in terms
of the effect on G1.

B. Example 2: Crowned Cam Roller–Follower’s Contact

A crowned cam roller/follower used in a transmission system is
shown in Fig. 16 [42]. It has a gentle radius transverse to its rolling
direction for eliminating the need for critical alignment of its axis
with that of the cam. The roller radius isR1 with aR

0
1 crown radius at

90 deg to the roller radius. The cam’s radius of curvature at the point
of maximum load is R2 and is flat axially so its crown radius R02 is
infinite. The rotational axes of the cam and roller are parallel. The
force isQ, normal to the contact plane. Thematerials of the roller and
the follower are steel. Their Young’s modulusE is 30 � 106 psi, and
the Poisson’s ratio � is 0.28. Because of the elastic deformation, the
contact patch is an ellipse, and the pressure distribution is a
semiellipsoid, as illustrated in Fig. 17. R1, R

0
1, and R2 are random

variables with the distributions listed in Table 7.

Table 1 Random variables X

Variables Symbols
in Fig. 8

Mean Standard
deviation

Distribution

X1 a 100 mm 0.01 mm Normal
X2 b 300 mm 0.01 mm Normal
X3 Q 250 kN 25 kN Normal
X4 E 200 GPa 30 GPa Normal
X5 S 390 MPa 39 MPa Normal

Table 2 Uncertain variables with epistemic uncertainty

Variables Symbols
in Fig. 8

Intervals BPA

[100, 120] 0.2
Y1 e, mm [120, 140] 0.4

[140, 150] 0.4
[0.15, 0.18] 0.3

Y2 � [0.18, 0.23] 0.3
[0.23, 0.25] 0.4

Fig. 9 Joint BPA of Y with three intervals.
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Because of limited information, an accurate measure or a
distribution ofQ is not available. Its intervals and BPA are available
based on the solicitation from experts, which is provided in Table 8.

The half-width of the major axis a and the half-width of the minor
axis b are determined by

a� ka

�����������������������������
3Q�m1 �m2	

4A

3

r
; b� kb

�����������������������������
3Q�m1 �m2	

4A

3

r

where

m1 �m2 �
1 � v2
E2

; A� 1

2

�
1

R1

� 1

R01
� 1

R2

� 1

R02

�

The factors ka and kb are obtained from a table in [42] based on the
value of �, which is calculated by

�� cos�1
�
A

B

�

B� 1

2

��
1

R1

� 1

R01

�
2

�
�
1

R2

� 1

R02

�
2

� 2

�
1

R1

� 1

R01

��
1

R2

� 1

R02

��1
2

� is a random variable due to the randomness in R1, R
0
1, and R2, and

ka and kb are tabulated in terms of �. The values of ka and kb are not
precisely known and are estimated within two intervals as shown in
Table 8.

The performance function is the safety margin for shear yield
strength of the roller and follower, defined by the difference between
the shear yield strength andmaximum shear stress, which is one-half
of the tensile yield strength based on maximum shear-stress theory.
The function is given by

Table 3 dpf for G1 and G2

United uncertainty analysis Monte Carlo simulation

pmin
f (Bel) pmax

f (Pl) dpf N pmin
f (Bel) pmax

f (Pl) dpf N

G1 0.007353 0.072707 0.065354 468 0.012453 0.094238 0.081785 4 � 106

G2 �0:0 �0:0 �0:0 488 �0:0 �0:0 �0:0 4 � 106

Table 4 Results of unified uncertainty analysis for G1

G1 United uncertainty analysis Monte Carlo simulation

CPF–CBF N CPF–CBF N

�100 0.0008 468 0.0013 36 � 106

�50 0.0103 468 0.0156 36 � 106

0 0.0654 468 0.0818 36 � 106

50 0.2042 468 0.2050 36 � 106

100 0.3248 468 0.2804 36 � 106

150 0.2594 468 0.2322 36 � 106

200 0.0946 468 0.1017 36 � 106

250 0.0137 468 0.0181 36 � 106

300 0.0007 468 0.0011 36 � 106

Total function calls 4212 Total function calls 36 � 106

KS distance 0.3248 KS distance 0.2804
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Fig. 10 Initial unified uncertainty analysis for G1.
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Fig. 11 Initial unified uncertainty analysis for G2.
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Fig. 12 CBF and CPF from the main effect analysis for Y1.
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G� g�X;Y	 � �max � S

where S is the shear yield strength, and �max is defined by

�max �max��a; �u; �ma; �mi	

where �a is the maximum shear stress at the contact surface, �u is the
largest shear stress under the contact surface, and �ma and �mi are the
shear stresses at the ends of the major and minor axes, respectively,
on the contact surface. These stresses are calculated by

�a �
				�1 � �32

				
where �1, �2, and �3 are principal stresses at the contact surface,
calculated by

�1 ��
�
2v� �1 � 2v	 b

a� b

�
pmax

�2 ��
�
2v� �1 � 2v	 a

a� b

�
pmax

�3 ��pmax

where

pmax �
3Q

2�ab

and

�u � 0:34pmax

�ma � �1 � 2v	 k3
k24

�
1

k4
tanh�1k4 � 1

�
pmax

where

k3 �
b

a

�mi � �1 � 2v	 k3
k24

�
1 � k3

k4
tanh�1

�
k4
k3

��
pmax

where

k4 �
1

a

����������������
a2 � b2
p

The failure event is defined byE� fX;Y j G< 0g . TheCBF and
CPF are calculated by the unified uncertainty analysis, and their

difference is shown in Fig. 18. Also, a comparison with MCS is
provided in Table 9. The result indicates that the impact of epistemic
uncertainty is large and cannot be ignored. In the table, N is the
number of function evaluations.

Sensitivity analysis is then conducted to identify the most
influential variables. Total and main effects of each variable can be
obtained, respectively.

We conduct the main effect analysis as follows:
Main effect of Y1: Keep Y1 as an epistemic variable and fix Y2 and

Y3 at their averages.
Main effect of Y2: Keep Y2 as an epistemic variable and fix Y1 and

Y3 at their averages.
Main effect of Y3: Keep Y3 as an epistemic variable and fix Y1 and

Y2 at their averages.
The respective results for the above three analyses are found in

Figs. 19–21 and Table 10. As for the difference between the
maximum and the minimum probabilities of failure, because
ME1

pf
� d1pf is the largest, Y1 therefore has the highest impact onpf .

Table 5 Main effect of each epistemic variable

Main effect pmin
f (Bel) pmax

f (Pl) MEpf ME

Y1 0.008219 0.049754 0.041535 0.2979
Y2 0.004638 0.008164 0.003527 0.0761
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Fig. 13 CBF and CPF from the main effect analysis for Y2.
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Fig. 14 CPF and CBF of G1 after more information on Y1 is collected.

Table 6 MEi
pf
andMEi

Scenarios pmin
f (Bel) pmax

f (Pl) MEipf MEi

Y1: 3 intervals, Y2: 3 intervals 0.007353 0.072707 0.065354 0.3288
Y1: aleatory, Y2: 3 intervals 0.003379 0.005881 0.002502 0.0622
Y1: 3 intervals, Y2: aleatory 0.007507 0.045416 0.037909 0.2625
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As for the KS distance between the CBF and CPF, becauseME1 �
d1KS is the largest, Y1 is also the most influential epistemic variable to
the effect of epistemic uncertainty on G.

We next perform the total effect analysis as follows:
Total effect of Y1: Keep Y2 and Y3 as epistemic variables and fixY1

at its average.
Total effect of Y2: Keep Y1 and Y3 as epistemic variables and fixY2

at its average.
Total effect of Y3: Keep Y1 and Y2 as epistemic variables and fixY3

at its average.

The results are given in Figs. 22–24 and Table 11. It can be seen
that TE1

pf
� d
1pf and TE1 � d
1KS are smallest, and therefore Y1 is

most influential, which is consistent with the conclusion from the
main effect analysis.

To confirm the above sensitivity analyses results, we assume that
more information could be collected on Y1, Y2, and Y3. The
distributions of Y1, Y2, and Y3 after gathering more information are
N�3:55; 0:036	, N�0:437; 0:0044	, and N�250; 2:5	, respectively.
The unified uncertainty analysis is performed when one epistemic
variable becomes aleatory. The CBF and CPF of G are shown in
Fig. 25, andMEpf andME in each case are provided in Table 12. It is

seen that from Fig. 25 the gap between CBF and CPF becomes
narrowest after the epistemic uncertainty in Y1 is eliminated. The
result confirms that collecting more information on the most
influential variable Y1 has the highest contribution for reducing the
effect of epistemic uncertainty. The second highest contribution is
fromgatheringmore information onY2. Collectingmore information
on Y3 has the least contribution.

It is seen that after the epistemic uncertainty of the most important
variable Y1 has been eliminated, the gap between CBF and CPF is
still large. The elimination of the epistemic uncertainty of one more
variable may be needed. Because Y2 is more important than Y3, more
information on Y2 should be collected if further action needs to be
taken.

V. Conclusions

An effective sensitivity analysis method is developed to identify
the most important input variables with epistemic uncertainty when

Q

R1

1R′
R2

Fig. 16 A crowned cam roller/follower under load Q.

pmax

p

b a
y

z

x

Fig. 17 Contact patch (p denotes the pressure distributed on the
contact patch).

Table 7 Random variables X

Variable Symbols
in problem

Mean Standard
deviation

Distribution

X1 R1 1 in. 0.01 in. Normal
X2 R01 20 in. 0.2 in. Normal
X3 R2 3.46 in. 0.0346 in. Normal
X4 S 37.5 ksi 0.375 ksi Normal

Table 8 Uncertain variables with epistemic uncertainty

Variable Symbols
in problem

Intervals BPA

Y1 ka [3.50, 3.60] 1
Y2 kb [0.434, 0.440] 1
Y3 Q, lb [246, 254] 1

Fig. 18 Initial unified uncertainty analysis of G.
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Fig. 15 CPF and CBF of G1 after more information on Y2 is collected.
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aleatory uncertainty also exists. The importance of an epistemic
variable is measured by its effect on the model output, including its
main effect and total effect. These effects are indicated by the
difference between belief and plausibility measures of an output
variable. After the sensitivity analysis, all the epistemic variables
are ranked by their importance. Then by collecting more
information on the dominant epistemic variables, the effect of
epistemic uncertainty can be reduced in the most efficient way as
shown in the paper.

In the proposed sensitivity analysis procedure, a once-at-a-time
strategy is used to set up different scenarios for the input epistemic
variables to study their main effects and total effects. Then
plausibility and belief measures of an output variable are calculated
under each scenario by the unified uncertainty analysis framework.
The Kolmogorov–Smirnov distance is used to quantify the
discrepancy between the plausibility measure and belief measure,
namely, the effect of epistemic uncertainty on the output. By
comparing the main effects and total effects of the epistemic
variables, their importance is ranked.

The proposed sensitivity analysis method is based on the first-
order reliability method. The advantages of the proposed methods
are as follows: 1) engineers are familiar with the first-order reliability
method; 2) it is easy to quantify the contributions of individual
epistemic variables to the reliability or to the probability of failure;
3) because optimization is used for interval analysis, the result in
general is more accurate than that from interval arithmetic; 4) the

Table 9 Results of unified uncertainty analysis

G, ksi United uncertainty analysis Monte Carlo simulation

CPF–CBF N CPF–CBF N

�1 0 102 0 88 � 106

�0:50 0.0018 88 0.0018 88 � 106

0 0.0412 88 0.0407 88 � 106

0.5 0.2890 83 0.2869 88 � 106

1 0.7331 83 0.7309 88 � 106

1.5 0.9627 84 0.9621 88 � 106

2.0 0.9675 84 0.9679 88 � 106

2.5 0.7575 83 0.7593 88 � 106

3.0 0.3205 83 0.3229 88 � 106

3.5 0.0517 88 0.0524 88 � 106

4.0 0.0027 88 0.0027 88 � 106

Total function calls 954 Total function calls 88 � 106

Fig. 20 CBF and CPF from the main effect analysis for Y2.

Fig. 19 CBF and CPF from the main effect analysis for Y1.

Fig. 21 CBF and CPF from the main effect analysis for Y3.

Table 10 Main effect of each epistemic variable

Main effect of pmin
f (Bel) pmax

f (Pl) MEpf ME

Y1 2:91E-08 0.002245 0.002245 0.80278
Y2 1:01E-06 0.00024 0.000239 0.47207
Y3 2:08E-06 0.000144 0.000142 0.37393

Fig. 22 CBF and CPF from the total effect analysis for Y1.
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process is efficient because the double-loop Monte Carlo simulation
is not involved; 5) the proposed method is applicable to black-box
models.

When using the proposed method, one should also consider the
other features of the method. 1) The method assumes the global
optimal solution for the interval analysis. The method may not
provide an accurate solution if a global optima is not reached. 2) The
efficiency of the method depends on the number of subsets of the
epistemic variables because the first-order reliability method is
performed for each subset. The efficiency also depends on the
number of aleatory variables because the efficiency of the first-order
reliability method is directly proportional to the number of aleatory
(random) variables.

Compared to the traditional probabilistic sensitivity analysis,
sensitivity analysis with the mixture of epistemic and aleatory
uncertainties is much more computationally expensive. Our future
work will be the improvement of computational efficiency. We will

also study the sensitivity of aleatory uncertainty and its interaction
with epistemic uncertainty.
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